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In this article, we study Beltrami equilibria for plasmas in near the horizon of a spinning black
hole, and develop a framework for constructing the magnetic field profile in the near horizon limit
for Clebsch flows in the single-fluid approximation. We find that the horizon profile for the magnetic
field is shown to satisfy a system of first-order coupled ODEs dependent on a boundary condition
for the magnetic field. For states in which the generalized vorticity vanishes (the generalized ‘su-
perconducting’ plasma state), the horizon profile becomes independent of the boundary condition,
and depend only on the thermal properties of the plasma. Our analysis makes use of the full form
for the time-independent Ampere’s law in the 3+1 formalism, generalizing earlier conclusions for
the case of vanishing vorticity, namely the complete magnetic field expulsion near the equator of
an axisymmetric black horizon assuming that the thermal properties of the plasma are symmetric
about the equatorial plane. For the general case, we find and discuss additional conditions required
for the expulsion of magnetic fields at given points on the black hole horizon. We perform a length
scale analysis which indicates the emergence of two distinct length scales characterizing the magnetic
field variation and strength of the Beltrami term, respectively.
I. INTRODUCTION
Magnetic fields play an important role in the forma-
tion and evolution of many astrophysical compact objects
such as white dwarfs, neutron stars and black holes [1–
11]. Black holes are of particular interest because they
possess a horizon, distinguishing them from other types
of compact objects; the presence of a horizon can in prin-
ciple lead to qualitatively different behaviors in a sur-
rounding plasma [12–20]. One might expect the extreme
conditions near the black hole horizon to lead to extreme
conditions in the plasma itself so that the large scale mag-
netic field structure is dominated by plasma dynamics in
the vicinity of the horizon.
Even in the absence of a horizon, a strong coupling be-
tween magnetic field and plasma dynamics is already rele-
vant for many situations such as plasma confinement, so-
lar physics, laser-plasma interaction, and magnetic recon-
nection. An interesting example is the tendency of a mag-
netized plasma to evolve towards equilibrium states char-
acterized by ordered large scale magnetic field and flow
structure. One such state, first derived in the context
of single fluid magnetohydrodynamics, ~∇ × ~B = Λ ~B is
known as a ‘relaxed state’ where ~B and Λ respectively de-
note the magnetic field and a Lagrangemultiplier [21, 22].
Later, these states were extended by incorporating multi-
species effects in classical and relativistic plasmas [23–26].
The defining characteristic of these equilibrium states is
the alignment of a more general physical quantity known
as vorticity ~Ω = ~B + m/q ~∇ × ~v, with the flow field v,
in particular, the generalized Beltrami condition ~Ω = λ~v
(where λ is a Lagrange multiplier), which is an equilib-
rium solution of the time-independent vorticity equation
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[27]. It should be noted here that ~Ω = ~∇ × ~P , where
~P = ~A + m/q ~v is the canonical momentum. The full
equilibrium also requires simultaneous satisfaction of the
Bernoulli condition signifying homogeneous energy dis-
tribution.
One might expect steady-state flows in the near hori-
zon limit for astrophysical black holes which slowly ac-
crete plasma and it is reasonable to model such plasma
flows as force-free states which satisfy the Beltrami con-
dition; the existence and implications of a force-free re-
gion near the black hole horizon have been studied exten-
sively in theoretical and numerical frameworks[1, 28–31].
Similarly, it is physically reasonable to expect a broader
class of Beltrami equilibria which incorporates inertia of
plasma constituents in the near horizon limit. In this pa-
per, we adopt the vortical formalism of plasma dynamics
to investigate these types of equilibria.
On the other hand, these Beltrami states can also ter-
minate because of changes (via reconnection or other
non-ideal effects) in field topology. For example, in solar
physics, a class of states known as Double Beltrami (DB)
states, the superposition of two force free states, is shown
to have the characteristics similar to those of active re-
gions in the solar corona [32–34]. The breakdown of these
DB states in those active regions can lead to catastrophic
eruptive events such as coronal mass ejections (CME). In
general, the DB equilibrium has more energy available to
cause eruptive events than a force-free linear MHD state
and the critical energy of the equilibrium is determined
by invariants of the system. If the plasma flow near the
horizon of a black hole satisfies the Beltrami condition,
then the eventual termination of the Beltrami equilib-
rium may lead to similar eruptive events with observable
signatures—such events and their signatures, while in-
teresting, are beyond the scope of the present work and
are left for future investigation. It should be mentioned
that we regard such phenomena to be independent of the
2jet-producing mechanisms explored in the literature such
as the well known Blandford-Znajek mechanism [28].
To investigate Beltrami equilibria in the near horizon
limit of a Kerr black hole, we employ the electrovortical
formalism described in [24, 35], which was later extended
to curved spacetime in [4, 27]. The electrovortical formal-
ism reorganizes the equations of a charged fluid into the
form qUµM
µν = 0. The electrovortical tensor Mµν is an
antisymmetric rank-two tensor constructed from the elec-
tromagnetic field strength tensor Fµν and the antisym-
metrized derivatives of the ‘temperature-transformed’
fluid flow field GUµ, where Uµ is the fluid four-velocity.
The thermodynamic factor G is a function of temperature
T and entropy σ. This is similar to the ideal Ohm’s law in
MHD; one can see the force-free structure when writing
the covariant equation of motion in its three-dimensional
form
Γ~EG + ~U × ~ΩG = 0, (1)
~U · ~EG = 0 (2)
where ~EG, ~ΩG, Γ are the generalized electric field, gener-
alized magnetic field (generalized vorticity) and Lorentz
factor, respectively[35–37]. What is remarkable about
this formalism is that the complicated dynamics of hot
relativistic plasmas in curved spacetime has the famil-
iar force-free MHD state, if expressed in suitably con-
structed variables. Eq. (1) also indicates the plasma is
frozen to the generalized magnetic field lines and that
the generalized helicity H = 〈~P · ~Ω〉 is a complete in-
variant of the model for arbitrary thermodynamics. As
a result, this formalism yields a broader class of equi-
librium states which is inaccessible to traditional fluid
theories[36, 38, 39].
Recently, one such equilibrium state, obtained by set-
ting ΩG = 0 in Eq.(1), has revealed a ‘Meissner’-like
effect, in which the magnetic field is completely expelled
from the equator of a black hole event horizon[37]. This
equilibrium state also displays a rich interplay between
plasma dynamics and general relativity by satisfying the
Bernoulli condition EG = 0 which represents the homo-
geneity of total energy. Since this result is partly a con-
sequence of the spacetime geometry near the horizon, it
is natural to ask whether the expulsion of the magnetic
field from the event horizon in a black hole is present in
a more general equilibrium state.
In this article, we develop a general framework for
studying Beltrami equilibria in the near horizon limit of
a spinning (Kerr) black hole. In particular, we construct
a series expansion that we use to obtain expressions for
the magnetic field profile on the horizon, valid for ar-
bitrary thermodynamics. We study the general prop-
erties of these profiles, identifying conditions for mag-
netic field expulsion at various points on the horizon.
We also generalize the result of [37]; our present anal-
ysis includes a previously neglected term in Ampere’s
law—eliminating an implicit assumption—and we find
that that the ‘Meissner’-like effect at the equator of the
horizon for the Beltrami states ΩG = 0 is still present
even when this term is included.
II. KERR GEOMETRY
Here, we describe the Kerr geometry for an uncharged,
rotating black hole. The metric components gµν can be
read off from the line element ds2 = gµνdx
µdxν , which in
Boyer-Lindquist coordinates (t, r, θ, φ) [r being a radial
coordinate, and θ, φ being the angular coordinates on a
spheroid] takes the form [40, 41]:
ds2 =−
(
1− 2GMr
Σ
)
dt2 +
Σ
∆
dr2 +Σ dθ2
− 4GMra sin
2 θ
Σ
dt dφ
+
(
r2 + a2 +
2GMra2
Σ
sin2 θ
)
sin2 θ dφ2,
(3)
where M is the mass, a is the spin parameter, and:
Σ := r2 + a2 cos2 θ
∆ := r2 − 2GMr + a2. (4)
The event horizon of the black hole is located at one of the
roots of ∆, in particular the root given by the following
expression:
rH = GM +
√
G2M2 − a2. (5)
As is well-known, the Kerr metric becomes singular at
the horizon in Boyer-Lindquist coordinates; in particular,
grr ∝ 1/∆, which diverges in the limit ∆→ 0.
For our analysis, it will be convenient to work in terms
of the metric components rather than their explicit ex-
pressions as given in the line element. We begin with the
form of a stationary and axisymmetric spacetime[42, 43]:
ds2 = −A2dt2+2 βφ dt dφ+h21 dr2+h22 dθ2+h23 dφ2. (6)
The quantities A2, βφ, h
2
1, h
2
2, and h
2
3 are functions of r
and θ only, and all correspond to the appropriate compo-
nents of the Kerr metric (3). It is helpful to relate these
quantities to the ADM 3+1 formalism [44–47], in which
spacetime is foliated by a family of three-dimensional
spacelike hypersurfaces such that each hypersurface Σt
is defined by a constant value for the time coordinate
t. The metric is decomposed into the ADM variables
α (the lapse function), βi (the shift vector and γij (the
induced metric), which can be identified from the rela-
tions gtt = −A2 = −α2 + γijβiβj , and g0j = γijβj . The
explicit expression for α is:
α =
√
∆Σ
(a2 + r2) (a2 −∆+ r2) + ∆Σ . (7)
3It is helpful to define the quantity nµ = −αgµν∇νt, which
is the unit normal vector to Σt. One can interpret n
µ to
be the four-velocity for observers whose spatial frames are
tangent to surfaces of constant t, termed Zero Angular
Momentum Observers (ZAMOs). One can decompose
the four-velocity with respect to this frame, with U0 =
Γ/α, ~U = Γ~V , where Γ = 1/
√
1− V 2 is the Lorentz
factor.
Since we will be considering Beltrami states in the near
horizon limit, it is appropriate to establish the scaling of
geometric quantities as one approaches the horizon. Note
that in the near horizon limit r → rH , the Lapse function
α vanishes, and the metric component h1 =
√
Σ/∆ di-
verges. We find the following behavior for α and h1 and
their derivatives in the near horizon limit by expanding
in powers of s :=
√
|r − rH |/rH ; WLOG, we set rH to
unity. Noting that ∂r(·) = (1/2s)∂s(·), one finds to lead-
ing order:
α = α(1)s+O(s
3)
∂rα =
α(1)
2s
+O(s2)
∂θα = α
′
(1) s+O(s
3)
h1 =
h1(−1)
s
+O(s)
∂rh1 = −
h1(−1)
2s3
+O(s−1)
∂θh1 =
h′1(−1)
s
+O(s).
(8)
where all coefficients are functions of θ, and the order
of the coefficient appears in the parentheses (so that
h1,(I) is the coefficient for the s
I term). One can see
that the quantity αh1 ∼ α(1) h1(−1) remains finite as one
approaches the horizon. Another important quantity to
consider is βφ := βφ/h
2
3, which scales in the following
manner:
βφ = b0 + β
φ
(2)s
2 +O(s4). (9)
where b0 is a constant. Though β
φ does not vanish on
the horizon, ∂θβ
φ ∼ O(s2) vanishes, and one finds that
the combination h21∂θβ
φ remains finite at the horizon.
It turns out that in the near horizon limit, it suffices to
consider only these general properties of α h1, and β
φ.
One can also establish the scaling behavior for the mo-
tion of matter in the near horizon limit. The Kerr metric
admits two Killing vectors η = ∂/∂t and ψ = ∂/∂φ. with
components ηµ = δµ0 and ψ
µ = δµ3 . Lowering the indices,
one obtains:
ηµ = gµ0
ψν = gµ3.
(10)
Killing vectors can be used to define[48] the energy E
and angular momentum L for a fluid particle with four-
velocity Uµ
E := −mηµUµ = m
(
α2 − β2φ/h23
)
U0 −mβφ U3
L := mψµU
µ = mβφ U
0 +mh23U
3.
(11)
Eliminating U3, one may write:
L+
h23E
βφ
=
h23 α
2
βφ
U0. (12)
For finite energy and angular momentum, the left-hand
side must be finite at the horizon, and since α2 ∼ α2(1) s2,
then to leading order, U0 must scale as U0 ∼ U0(2)/s2.
From the expression U0 = Γ/α, it follows that Γ scales
in the following way:
Γ ∼ Γ(−1)
s
, (13)
implying that the fluid velocity reaches the speed of light
at the horizon. Note that this scaling behavior depends
only on the demand that the energy and angular mo-
mentum for the fluid particles are finite. Physically, one
expects the Lorentz factor Γ to diverge, since the four-
velocities of ZAMOs become null at the horizon, so in-
falling matter will appear to be moving at velocities close
to the speed of light for near-horizon ZAMOs.
III. PLASMA DYNAMICS IN CURVED
SPACETIME: GRAND GENERALIZED
VORTICITY
A. Covariant electrovortical formalism
The dynamics of a multi-species ideal plasma is sum-
marized in the expression ∇µT µν = qUµFµν , where
T µν = hUµUν+pgµν and h = p+ρ. Here p and ρ are the
respective pressure and plasma density. The dynamical
equations may be rewritten in the standard form
mnUν∇ν (GUµ) = qnFµβUβ −∇νp, (14)
where the quantities m, q and n are the respective mass,
charge and number density for the constituent particles of
the fluid. The fluid four-velocity for each species may be
written as Uµ = dxµ/dτ , where τ is the proper time for
a fluid element. The thermodynamic factor G is given by
the expression h = mnG with h and ρ being the respec-
tive enthalpy and mass density of the fluid. We assume
pressure p = nkT and a local Maxwellian distribution
function for which the corresponding thermodynamics
factor has the form G = K3(mc2/kbT )/K2(mc2/kbT ),
where Kj is the modified Bessel function of order j and
kb is the Boltzmann constant. Though one typically re-
quires a multifluid model to fully describe the behav-
ior of a plasma, we explore a simplified model (which
is nonetheless still more general than that of MHD) in
which the behavior of a quasineutral plasma is described
by the dynamics of an effective single charged fluid in
a neutralizing background, assuming that the motion of
the effective fluid does not differ strongly from the bulk
motion. In a low density and low collisionality plasma
where the species have different thermodynamics, it may
4be important to analyze the dynamics of single species
separately in a neutralizing bulk plasma[49].
The electrovortical formalism is based on the following
observations:
• An anti-symmetric flow field tensor can be obtained
by incorporating temperature into the flow, ex-
pressed as Sµν := ∇µ (GUν)−∇ν (GUµ). Eq. (14)
can then be rewritten as
qUµMµν = T∇νσ, (15)
where Mµν = Fµν + (m/q)Sµν is the electrovorti-
cal tensor, and the entropy density σ for the fluid
obeys T∇νσ = (mn∇νG −∇νp) /n[24].
• A relativistic perfect fluid is isentropic,
Uν∇νσ = 0, (16)
the entropy density σ being constant along a flow
line.
Equation (15) for plasma dynamics can be recast in a
source free form by defining the following electrovortical
potential Pµ:
P
µ = Aµ +
m
q
G Uµ + σ∇µQ, (17)
where Aµ is the usual electrodynamical four-potential
and Q is a scalar, which is defined by the expression
Uν∇νQ = T/q, (18)
and an appropriate set of initial data for Q which is de-
termined by invariants of the vortical dynamics such as
circulation, helicity etc. The covariant equation of mo-
tion Eq. (15) may then be written[37]:
qUµM
µν = 0, (19)
where we define the grand electrovortical tensor Mµν to
be
M
µν = ∇µPν −∇νPµ. (20)
It is straightforward to show (keeping in mind Eq. (18)
for Q) that one can recover Eq. (15) from Eq. (19).
The source-free formalism summarized in Eqs. (17-20)
is referred to as the grand generalized vortical formalism
in the literature, and we use the modifier ‘grand’ to refer
to quantities constructed from the grand electrovortical
tensor Mµν .
In general, flow fields Uµ satisfying Eq. (18) can be
written in the form
TUµ = −q∇µQ+ bµ, (21)
where the vector bµ is orthogonal to Uµ[50]. To simplify
the analysis, we require bµ = 0, so that TUµ = −q∇µQ.
One may recognize this Clebsch flow restriction to be the
requirement the the flow is hypersurface-orthogonal (i.e.
irrotational); the analysis of equilibria for more general
flows (bµ 6= 0) will be explored in a forthcoming article.
B. 3+1 decomposition of the electrovortical
formalism
It will be useful to rewrite the covariant formulas of the
electrovortical formalism in terms of more familiar three-
dimensional variables. We do this by rewriting Eq. (19)
using the 3+1 ADM formalism discussed earlier—this de-
composition of the electrovortical equations is discussed
in detail in [27, 36]. Equation (19) is split into space and
time components; the spatial components, which form
the three-dimensional equation of motion, are obtained
by applying the projection operator γµν = δ
µ
ν + n
µnν ;
one obtains:
Γ(α~EG + ~β × ~ΩG) + ~u× ~ΩG = 0, (22)
where the grand generalized electric field ~EG and vorticity
~ΩG given by the respective equations:
~EG = ~E − m
αq
~∇(αTG′Γ)− m
q
[
2σ · (G′T ~U) + 2
3
KG′T ~U
]
− m
qα
(
∂t(G′T ~U)− L~β(G′T ~U)
)
; (23)
~ΩG = ~∇× ~PG = ~∇×
(
q ~A+mG′T ~U
)
, (24)
where Γ = 1/
√
1− V 2 is the Lorentz factor, flow veloc-
ities ~U = Γ~V & ~u = Γ~v, ~A is the vector potential and
G′ = (G/T−σ/m) is the modified thermodynamic factor.
Here, ~β is the shift vector, L~β is the Lie derivative with
respect to ~β, σ is a trace-free rank-2 tensor (with com-
ponents σij formed from ∂tγij and β
i) called the shear
tensor, and K is the mean curvature for Σt. The dynam-
ics of a hot, relativistic, magnetized plasma as expressed
by Eq. (22) has a similar structure of the ideal Ohm’s law
in ideal MHD qUµF
µν = 0. It is clear that plasma inertia
plays a critical role in the electrovortical dynamics and
the characteristics of any equilibria near the Kerr black
hole will be fundamentally different.
IV. THE BELTRAMI EQUILIBRIUM
A. Beltrami equilibria in axisymmetric spacetimes
Eq. (22) is trivially satisfied if in the stationary state
the combination ~EG + ~β × ~Ω equals zero and the grand
generalized vorticity ~ΩG (GGV) is parallel to the coordi-
nate flow velocity ~u := α~U − Γ~β
α~EG + ~β × ~Ω = ∇Ψ = 0 (25)
~ΩG = q ~B +mT ~∇G′ × ~U = µnˆ~u, (26)
where the magnetic field is ~B = ~∇× ~A, µ is the separation
constant (inverse length) and Ψ contains all the gradient
5forces. We have used the vector identity ~∇ × ~∇Q = 0
in Eq.(26). The first equation is a general relativistic
Bernoulli’s condition in Kerr spacetime signifying the ho-
mogeneity of total energy, and the second equation is the
Beltrami condition. It should be noted here that Eq.(25)
follows from the steady-state generalized Faraday’s law
for electrovortical variables with the condition ∇ · β = 0
and γij γ˙ij = 0 [36]. The appearance of ~β (implicit in
~u = α~U −Γ~β) on the right-hand side of the second equa-
tion (26) follows from the condition that the plasma is
stationary with respect to the Killing vector ∂/∂t. The
separation constant µ plays the role of a Lagrange mul-
tiplier if one were to derive Eq.(26) via a constrained en-
ergy minimization principle—the separation constant is
related to the invariants of the system such as energy, he-
licity, etc [51]. The helicity is useful in understanding as-
trophysical dynamos, solar wind, fusion as well as deter-
mining the conditions for the loss of Beltrami equilibria
that lead to eruptive events [32, 33]. When satisfied, Eqs.
(25) & (26) constitute a class of plasma states known as
Beltrami-Bernoulli equilibria. The factors in the RHS of
Eq. (26) satisfies the continuity equation ∇ · (nˆ~u) = 0
where nˆ is the density envelope of the plasma species and
also ensures that ~∇ · ~ΩG = 0.
Since we seek solutions corresponding to a steady-
state charge neutral Maxwell-fluid system (for example,
an electron plasma with ions as the neutralizing back-
ground), Eq. (26) should be coupled with the steady
state Ampere’s law [46, 52]
~∇× (α~B) = 4πnqα~U −£β ~E. (27)
The term £β ~E in Ampere’s law is often implicitly as-
sumed to vanish. However one should not neglect it when
considering plasma dynamics in the near horizon limit for
generic flows.[53] The Lie derivative term may be written
in terms of partial derivatives as:
£βE
i = βj∂jE
i − Ej∂jβi. (28)
Since the shift vector ~β is aligned with the φ direction,
the first term vanishes by axisymmetry. However, the
second term does not in general vanish. If the plasma
is assumed to be quasineutral in the comoving frame of
the effective fluid, ~E = −~U × ~B/Γ, so that Ampere’s law
takes the form:
~∇× (α~Bc) = nˆ
λ2
α~U − 1
Γ
[
(~U × ~Bc) · ~∂
]
~β, (29)
where the fields have been normalized in terms of the cy-
clotron frequency Bc = q/mB, n = nˆn0 where n0 is the
average density, and the skin depth λ =
√
4πn0q2/m, as-
sociated with some average density, is an intrinsic length
scale of the dynamics. Since Eq. (29) is an algebraic
equation for ~U , one can in principle solve it for the com-
ponents of ~U , and use it in Eq. (26) to obtain an equation
for the magnetic field ~B. One property that simplifies the
analysis is the fact that the last term on the RHS of Eq.
(29) contributes only to the φ component; the r and θ
components of ~U can then be obtained independently of
the φ component. An explicit calculation reveals that ~U
obtained in this way satisfies the steady-state continuity
equation ~∇ · (nˆ~u) = 0.
To simplify the results, it is helpful to define the
rescaled components of the magnetic field:
Br := αh1Br
Bθ := αh2Bθ
Bφ := αh3Bφ,
(30)
where Br, Bθ, Bφ form the orthonormal basis compo-
nents of ~B. Ampere’s law yields following components of
~U in the orthonormal basis:
Ur = q λ
2 Γh1
[
αh3 ∂θBφ
Ψ
]
(31)
Uθ = −q λ2 Γh2
[
αh3 ∂rBφ
Ψ
]
(32)
Uφ =− qλ
2αΓh23
Ψ(h33λ
2q (Bθ∂rβφ − Br∂θβφ) + Ψ)
×
[
h3λ
2qBφ
(
(h21∂θβ
φ)∂θBφ + (h
2
2∂rβ
φ)∂rBφ
)
+Ψ(∂θBr − ∂rBθ)
]
,
(33)
where the following quantity has been defined (note that,
assuming the number density remains finite, these quan-
tities remain finite in the near horizon limit):
Ψ := 4πm nˆh2 h
2
3 α
2 Γh1. (34)
Plugging these results into (25), the rescaled magnetic
field components become:
Br = αh1 h3
(
λ2 µ nˆΓα2 h1 ∂θBφ
Ψ
− mT G
′
,θ
q h2
Uφ
)
,
(35)
Bθ = αh2 h3
(
λ2 µ nˆΓα2 h2 ∂rBφ
Ψ
− mT G
′
,r
q h1
Uφ
)
,
(36)
Bφ =λ
2m
α2 Γh23 T
[
h21 G′,θ ∂θBφ + h22 G′,r ∂rBφ
]
h1h2Ψ
+
µ nˆαh23
(
αUφ − Γ βφ
)
q
,
(37)
where Uφ is given in (33) and we have assumed the ther-
modynamic potentials (in particular G′) depend only on
r and θ and have defined G′,θ = ∂G′/∂θ and G′,r = ∂G′/∂r.
Eqs. (35-37) form the complete description of Beltrami
states of an ideal plasma in a spacetime given by the line
element (6). Next, we analyze the characteristics of these
equations in the near horizon limit of a black hole.
6B. Near horizon limit
We now consider the behavior of magnetic fields in
the near horizon limit. As discussed in [52], the tangen-
tial components of the magnetic field Bθ and Bφ (in the
orthonormal frame) diverge in the near horizon limit—
this is attributed to the fact that the four-velocities of
ZAMOs become null at the horizon. On the other hand,
the rescaled components Br, Bθ and Bφ remain finite or
are zero in the near horizon limit; for this reason, it is
appropriate to work in terms of these components (which
are lowered-index coordinate basis elements).
To perform the near horizon analysis, we expand in s =√
|r − rH |/rH . For some function Q(r, θ), the expansion
will be denoted in the following manner:
Q =
∑
I
Q(I) s
I (38)
where Q(I) are functions of θ only. In general, leading
order terms can have inverse powers of s (I can have
negative integer values), and linear terms in s can yield
divergent radial derivatives at the horizon by virtue of
∂r(·) = (1/2s)∂s(·). To simplify the analysis, the ther-
modynamic potentials and their derivatives are assumed
to be finite in the near horizon limit, meaning that we
exclude inverse and odd powers of s.
Equations (31-33) can be used to place limits on the
leading order and odd powers for the magnetic field.
First, recall that ~U = Γ~V , and that (as shown earlier)
V 2 = 1 at the horizon for finite energy and angular mo-
mentum. Then, making use of (8) and (9), and the fact
that αh1 h
2
1∂θβ
φ are finite at the horizon, we find from
Eqs. (31-33) that the radial derivatives ∂rBθ, ∂rBφ and
the derivative ∂θBr can diverge no faster than s
−1, which
implies that the smallest possible term of odd power is
O(s).
We are now in a position to examine the leading order
behavior for Eq. (36) for Bθ. From the considerations
discussed in the preceding paragraph, one can show that
the terms within the parentheses of Eq. (36) cannot have
inverse powers of s to leading order. The overall factor of
α implies Bθ → 0 on the horizon, or that the coefficients
in the expansion for Bθ satisfy Bθ(I) = 0 for I ≤ 0.
Now we consider the expansion of Eqs. (35-37) in s; in
principle, one can solve these equations in the near hori-
zon limit by demanding that the equations hold to each
order in s. The full expansion, performed in Mathemat-
ica, is rather complicated, and will not be presented here
in full. However, we will describe some relevant features
of the expansion. Upon Eq. (35) for Br, we find that
the leading order term is O(s−1), which diverges at the
horizon. This divergent term can be removed with the
condition:
Bθ(1) =
qλ2h2(0)β
φ
(2)Bφ(0)Bφ(1)
4mπnˆ(0)h3(0)α
2
(1)h1(−1)Γ(−1)
. (39)
which can be satisfied if Bθ(1) = Bφ(1) = 0. When ex-
panding Eq. (36) for Bθ, we find that the first order
(O(s)) term implies Bθ(1) = 0 (as argued earlier, the ze-
roth order (O(s0)) term implies Bθ(0) = 0). The left
hand side of Eq. (39) vanishes, which implies that either
Bφ(0) = 0 or Bφ(1) = 0. If the fluid is flowing into the
horizon (as one might expect), then Eq. (31) indicates
that a nonzero component Vr requires ∂θBφ 6= 0, which
in turn implies Bφ(0) 6= 0. It follows that Bφ(1) = 0,
meaning that ∂rBφ must be finite at the horizon. This,
combined with Eq. (32) implies that the fluid velocity
~V must lie in the r-φ plane; since ~B also lies in the r-φ
plane, one can show that £~β
~E → 0 at the horizon as was
assumed in [37].
The expression for Bφ(0) may be obtained from the
O(s0) term in Eq. (37) for Bφ, which yields a differential
equation for Bφ(0)(θ) = X(θ) of the form;
∂X(θ)
∂θ
= Λ(θ) + Φ(θ)X(θ), (40)
which admits the solution
X(θ) = exp
{∫ θ
θ0
Λ(x)dx
}
×

C1 +

∫ θ
θ0
Φ(y)
exp
{∫ z
θ0
Λ(z)dz
}dy



 ,
(41)
where:
Λ(θ) =
4πµβφ(0)α(1)Γ(−1)h
2
2(0)h
2
3(0)nˆ
2
(0)
λ2qT(0)∂θG′(0)
Φ(θ) =
4πh22(0)nˆ(0)
λ2T(0)∂θG′(0)
.
(42)
Expanding (37) to O(s), making use of the results Bθ(1) =
Bφ(1) = 0, yields the constraint µnˆ(0)Γ(0) = 0, which can
be satisfied if µ = 0 or Γ(0) = 0; for general µ, we set
Γ(0) = 0; we remind the reader that the leading order
behavior in Γ comes from Γ(−1), not Γ(0).
A first order differential equation for Br(0) can be ob-
tained from the O(s0) term in Eq. (35), which is similar
in form to Eq. (41), but now depends on Bθ(2) and Bφ(2).
In order to obtain expressions for Bθ(2) and Bφ(2), Eqs.
(36), and (37) must be expanded to O(s2) and the equa-
tion ~∇ · ~B = 0 must be expanded to O(s). The O(s2)
term in Eq. (37) yields an algebraic constraint:
qBθ(2) =
λ2µqα(1)G′(2)h2(0)∂θBφ(0)
4πmh(−1)h3(0)∂θG′(0)
−
qG′(2)h22(0)Br(0)
h2(−1)∂θG′(0)
− λ
2µqα(1)h2(0)Bφ(2)
4πmh(−1)h3(0)
(43)
The O(s0) term in Eq. (35), combined with the O(s)
terms in ~∇ · ~B = 0 (the O(s0) term yields Br(1) = 0) and
7O(s2) terms in Eq. (37) yields a system of linear first
order coupled ODEs of the form:
∂θ ~Z = ~ξ + Ξ · ~Z (44)
where Ξ = Ξ(θ) is a 3× 3 matrix and the components of
~Z are defined as:
Z1 := Br(0)
Z2 := Bθ(2)
Z3 := Bφ(2).
(45)
It is known that a system of the form (44) yields unique
solutions for the initial value problem. However, the
equation is not homogeneous, as the components of the
vector ~ξ = ~ξ(θ) do not vanish. The explicit components
have the following form:
ξ1 = −
µα(1)h(−1)h2(0)nˆ(0)∂θBφ(0)
mh3(0)T(0)∂θG′(0)
−
λ2q∂θβ
φ
(2)h(−1)Bφ(0)∂θBφ(0)
4πmα2(1)Γ(−1)h2(0)h3(0)nˆ(0)
ξ2 = −
h22(0)Br(2)
h2(−1)
ξ3 = ∂θBφ(0)
(
−
∂θG′(2)
∂θG′(0)
+
nˆ(2)
nˆ(0)
− T(2)
T(0)
)
+
2h2(2)∂θBφ(0)
h2(0)
+
4πµnˆ2(0)h
2
2(0)h
2
3(0)α(1)β
φ
(0)Γ(−1)
λ2qT(0)∂θG′(0)
[
βφ(2)
βφ(0)
+
nˆ(2)
nˆ(0)
+
2h3(2)
h3(0)
+
Γ(1)
Γ(−1)
+
α(3)
α(1)
]
.
(46)
Note that ξ2 depends on Br(2), which may be interpreted
as the value of ∂rBr evaluated on the horizon, since
Br(1) = 0 (which is obtained from the zeroth-order term
in ~∇ · ~B = 0). To specify Br(2), one must continue the
expansion to higher powers in s, which will depend on
higher order coefficients; in this sense, ∂rBr captures the
dependence of the horizon profile on the behavior of the
magnetic field far from the horizon, at least for µ 6= 0
(the µ = 0 case will be discussed later). It is therefore
appropriate to regard Br(2) as a boundary condition for
the magnetic field at the horizon.
For completeness, the nontrivial components of the
matrix Ξ = Ξ(θ) are written below:
Ξ11 =
4πh22(0)nˆ(0)
λ2T(0)∂θG′(0)
Ξ13 =
λ2qβφ(2)h2(0)Bφ(0)
4πmα2(1)Γ(−1)h(−1)h3(0)nˆ(0)
Ξ21 =
h1(1)h
2
2(0)
h3(−1)
+
α(3)h
2
2(0)
α(1)h
2
(−1)
−
h3(2)h
2
2(0)
h2(−1)h3(0)
− h2(2)h2(0)
h2(−1)
Ξ22 =
∂θα(1)
α(1)
+
∂θh2(0)
h2(0)
− ∂θh3(0)
h3(0)
− ∂θh1(−1)
h(−1)
Ξ32 = −
4πµα(1)h(−1)h2(0)h3(0)nˆ
2
(0)
λ2mG′(2)T 2(0)∂θG′(0)
Ξ33 =
G′(2)h22(0)
h2(−1)∂θG′(0)
−
µ2α2(1)h
2
2(0)nˆ
2
(0)
m2G′(2)T 2(0)∂θG′(0)
+
4πh22(0)nˆ(0)
λ2T(0)∂θG′(0)
,
(47)
with the remaining components being Ξ12 = 1, Ξ23 = 0,
Ξ31 = 1.
One can specify the horizon profile in the µ = 0 case
without specifying Br(2). Note that Ξ32 = 0 when µ = 0,
so that the equation for Bφ(2) decouples from Bθ(2), and
has the form given in Eq. (40), with X = Bφ(2) and
the coefficients Λ = ξ3, Φ = Ξ33 evaluated at µ = 0.
One may then solve the ODE for Bθ(2) first, then use the
constraint (43) to eliminate the dependence on Bθ(2) in
the ODE for Br(0). The resulting equation also has the
form of Eq. (40), with X = Br(0) and the coefficients
Λ = ξ1 (evaluated at µ = 0) and:
Φ(θ) = Ξ11 + Ξ13 −
G′(2)h22(0)Br(0)
h2(−1)∂θG′(0)
. (48)
The horizon profile in the µ = 0 case can be obtained in a
manner independent of the behavior of the magnetic field
far from the horizon. It should be noted that the pro-
file depends on the horizon profile of the fluid potentials
G′, nˆ, and also their normal derivatives G′(2), nˆ(2) (note
also the dependence on Γ(2)), can be determined by the
Bernoulli condition along with an appropriate equation
of state.
One can still extract some general properties of the
magnetic field without specifying the equation of state.
As discussed in [37], one can have G′,θ = 0 at various
points on the horizon. In particular, this condition may
be satisfied at the equator of the horizon under the as-
sumption that the thermal properties of the fluid are
symmetric about the equatorial plane, or at any value of
θ where G′ has a local maximum or minimum . We also
add that regularity conditions on the axis of the black
hole require G′,θ = 0 must hold at the poles, though one
8must also account for the fact that h3(0) = 0 at the poles
as well. At points on the horizon where G′,θ = 0, Eqs.
(35) and (37) yield the following expressions:
Br(0) = µ
λ2α(1)h(−1)∂θBφ(0)
4πmh2(0)h3(0)
Bφ(0) = −(µ/q)b0α(1)Γ(−1)h23(0)nˆ(0)
(49)
If µ = 0, the magnetic field is completely expelled at
points on the horizon where G′,θ = 0, recovering the result
in [37] and generalizing it to the case where £~β
~E 6= 0
(though as in that case, we still consider Clebsch flow).
In the more general µ 6= 0 case, we argue that the ex-
trema of Bφ(0) cannot all coincide with G′. At a extrema,
∂θBφ(0) = 0, which combined with the expression for Ur
in Eq. (31) implies that the fluid velocity is tangent to
the horizon. One might expect such behavior for plasma
elements to be unphysical near the horizon, since there
are no circular orbits close to the horizon for finite 1− a
(a being the spin parameter) and there is no physical
mechanism that can prevent the plasma elements from
falling in; one, therefore, expects the density nˆ(0) = 0 to
vanish at these points. However, this implies that Bφ(0)
must vanish as well; if the extrema for Bφ(0) all coincide
with an extrema of G′, then Eq. (49) holds for all ex-
trema of Bφ(0), and follows from physical considerations
that Bφ(0) = 0 everywhere on the horizon. However,
this would imply that Ur = 0, so no plasma falls into
the black hole. This indicates that there must exist at
least one extrema for Bφ(0) that does not coincide with
an extremum of G′. This does not, of course, exclude the
possibility that some extrema for Bφ(0) can coincide with
an extremum of G′, and in the instances where this oc-
curs, one has a complete expulsion of the magnetic field
at these coincident points on the horizon.
Though the Beltrami equilibria we have described here
permit nonvanishing magnetic fields (in which energy can
be stored), a stability analysis is needed to determine
whether these Beltrami equilibria can be used to describe
eruptive events similar to those observed in solar plas-
mas. In particular, whether such equilibria are stable
or metastable depends on the exact relationship between
helicity and total energy, which has not been discussed
in the present analysis. Such an analysis will be left for
future work.
C. Length scale analysis
The main distinction between the electrovortical for-
malism and that of GRMHD is that the electrovortical
formalism contains multiple length scales which allow one
to describe in greater detail the dependence of the macro-
scopic dynamics on the microphysical properties of the
plasma. To illustrate this, we extend the length scale
analysis presented in [35] to the GR Beltrami states. The
generalized superconducting state ~ΩG = 0 corresponds
to the limit µ = 0, or the vanishing of the length scale
LB = µλ
2, which in turn corresponds to the scale at
which the Beltrami term in the equations becomes im-
portant. By defining λˆ2 = ζG′, we may write Eqs.(36 &
37), as
1
λˆ2
=
(
1
h1
∂ lnG′
∂r
)(
1
h1
∂ lnB(θ,φ)
∂r
)
=
1
LgLmag
(50)
where 1/Lg = 1/h1(∂ lnG′/∂r) and 1/Lmag =
1/h1(∂ lnB(θ,φ)/∂r). To keep our calculation simple, we
are considering the limit when θ = π/2 and the thermo-
dynamic factor is symmetric about the equitorial plane.
Therefore, the magnetic field variation occurs on a hy-
brid length scale Lmag = λˆ
2/Lg which is a combination
of a modified skin depth and a thermal gradient scale.
For Lg > λˆ, the magnetic field can vary at a length scale
shorter than skin depth which one might expect for rela-
tivistically hot plasmas. In general, the skin depth char-
acterizes the kinetic-magnetic reservoir of energy arising
from microscale physics which can drive the dynamo and
reverse-dynamo mechanism [35, 54, 55].
On the other hand, when LB 6= 0 (in our case,
Eq.(26)), there are two intrinsic length scales Lg and LB
(associated with the magnetic field structures) in this for-
malism which do not appear in GRMHD. We note here
that the generalized helicity in this formalism is a topo-
logical invariant if the divergence of helicity four vector
Kµ is zero i.e. ∇µKµ = 0. Here, we define the four helic-
ity as Kµ = M∗µνPν where M∗µν is the dual of electro-
vortic field tensor Mµν . One can compute the divergence
as
∇µKµ = 1
2
MµνM
∗µν = −2~ΩG · ~EG = 0 (51)
where we have used the Eq.(22) to compute the last
equality.
The corresponding species helicity is written as
h = −
∫
Σt
nµKµ√γ d3x =
∫
Σt
~PG · ~ΩG√γ d3x (52)
where ~P = ~A+m/q G ~U + σ~∇Q is the generalized three-
momentum, nµ is the 4-velocity of the Eulerian observers
(the unit normal vector to constant t surfaces Σt) and γ =
det(γij). The Beltrami condition, when substituted from
Eq. (26), into Eq.(52) determines the Beltrami length
scale LB completely .
One can therefore relate LB to the profile-modified skin
depth λˆ2, the thermal gradient Lg and helicity H near
the black hole event horizon. One might recognize the
similarity to the Taylor relaxed state in MHD where the
length scale is fully determined by the ratio between mag-
netic helicity and magnetic energy. It should be noted
that generalized helicity is identically zero since the Bel-
trami length scale vanishes. Finally, we remark that the
generalized helicity is useful for establishing the crite-
ria for the destabilization of Beltrami equilibria in solar
9physics [32, 33], and may be similarly useful for investi-
gating the stability of Beltrami equilibria in black hole
spacetimes.
V. SUMMARY AND DISCUSSION
In this work, we have described a single fluid Beltrami
state for an ideal plasma with Clebsch flow surrounding
s rotating black hole. In particular, we have presented
a framework for characterizing the behavior of magnetic
fields near black hole horizons, valid in Boyer-Lindquist
coordinates in which the metric components become sin-
gular at the horizon. The Beltrami condition in rotating
black holes dictates the alignment of generalized vorticity
and coordinate flow velocity which is completely differ-
ent than non-rotating black holes. The inherent rotation
of spacetime also fundamentally alters the generalized
Bernoulli’s condition which indicates the balances among
different potential forces.
We have demonstrated how one can obtain the mag-
netic field profile at the horizon, given the profiles for
the fluid quantities G′, T and nˆ. In particular, we find
that the tangential profile for the magnetic field at the
horizon can be obtained by expanding Eqs. (35-37) to
zeroth order in s =
√
|r − rH |/rH , with Bθ = 0, and Bφ
given by Eqs. (41) and (42). The horizon profile for the
radial component Br requires expanding Eqs. (35-37) to
second order in s and ~∇ · ~B = 0 to zeroth order; in do-
ing so we find that given the radial derivative ∂rBr at the
horizon, Br can be obtained from the system of equations
described in Eqs. (43), (44), and (45). We also find that
the radial derivatives of the magnetic field at the horizon
must be finite. In the µ = 0 case, the horizon profile can
be obtained without specifying ∂rBr at the horizon, so
that the system Eqs. (43), (44), and (45) for Br depends
only on the profiles for the fluid quantities and the other
components of the magnetic field at the horizon.
We have also described some general features of the
horizon profile, and have extended the analysis of [37]
for the generalized ‘superconducting’ states (in the sense
of vanishing generalized vorticity) to a more general class
of flows in which £~β
~E is not assumed to be zero a priori
(though this holds at the horizon), finding that the ex-
pulsion of magnetic fields at the maxima of the thermal
factor G′ on the horizon holds for these more general flow
conditions. We have also demonstrated for more general
Beltrami states satisfying µ 6= 0, one can also have mag-
netic field expulsion at points where the extrema of the
horizon profiles for G′ and Bφ coincide and have argued
that Bφ must possess extrema that do not coincide with
those of G′.
Of course, a complete account of the magnetic field in
the near horizon limit requires an expansion to higher
order in s =
√
|r − rH |/rH , at least to the point needed
to determine Br. Furthermore, knowledge of the thermal
profiles for the fluid, in particular the form of G′, nˆ, T
and their radial derivatives at the horizon must be sup-
plied to obtain an explicit profile for the magnetic field;
in principle, this can be obtained by specifying an ap-
propriate equation of state. This is because the Beltrami
states are essentially solutions to the fluid equations—
the magnetic field profiles we obtained in this way are
those which correspond to a Clebsch flow Beltrami state
for all thermodynamics. The most remarkable aspect of
this formalism is the emergence of two length scales i.e.
thermodynamics modified intrinsic length Lmag and Bel-
trami length LB which is foreign to the existing single
or multi-fluid plasma models. These length scales are
also related and completely determined by the general-
ized helicity which is a conserved quantity of the system.
In this sense, the results we have obtained here are rather
general—the main assumptions of our model are Clebsch
flow and the single fluid approximation.
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